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Abstract
Let G be a metrizable topological group. Denote by itb(G) the smallest cardinality of a cover of
G by totally bounded subsets of G. A group G is defined to be σ -bounded if itb(G) ℵ0. The group
G is called o-bounded if for every sequence (Un)n∈ω of neighborhoods of the identity in G there
exists a sequence (Fn)n∈ω of finite subsets in G such that G =⋃n∈ω Fn · Un; G is called strictly
o-bounded (respectively OF-determined) if the second player (respectively one of the players) has
a winning strategy in the following game OF: two players, I and II, choose at every step n an open
neighborhood Un of the identity in G and a finite subset Fn of G, respectively. The player II wins if
G=⋃n∈ω Fn ·Un.
For a second countable group G the following results are proven. itb(G) ∈ {0,1,ℵ0} ∪ [b,d]. If G
is strictly o-bounded, then itb(G)  ℵ1 and G is σ -bounded or meager. If the space G is analytic,
then the group is OF-determined and satisfies itb(G) ∈ {0,1,ℵ0,d}. G is σ -bounded if it is strictly
o-bounded and one of the following conditions holds: (i) G is analytic; (ii) ℵ1 < b; (iii) (MA+¬CH)
holds; (iv) analytic games are determined; (v) there exists a measurable cardinal. Also we show that
under (MA) every non-locally compact Polish Abelian divisible group contains a Baire o-bounded
OF-undetermined subgroup.  2002 Elsevier Science B.V. All rights reserved.
AMS classification: 22A05; 54H11; 54H05; 03E15; 03E35; 03E50; 03E60
Keywords: (Strictly) o-bounded group; OF-determined group; σ -bounded group; Totally bounded
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In this paper we introduce and study the index itb(G) of total boundedness of a
topological group G. By definition, itb(G) is the smallest cardinality of a cover of G by
totally bounded subsets. We recall that a subset A of a topological group G is called totally
bounded if for every neighborhoodU of the identity in G there exists a finite subset F ⊂G
with A⊂ (F ·U)∩ (U ·F). It is easy to see that itb(G) ℵ0 if and only if G is a subgroup
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of a σ -compact group. More generally, itb(G) τ for some cardinal τ if and only if G is
a subgroup of a topological group H with k(H) τ , where k(H), the compact covering
number of H , is the minimal cardinality of a cover of H by compact subsets, see [16,
p. 196]. A topological group G with itb(G)  ℵ0 is called a σ -bounded group, see [16,
p. 193].
We shall pay special attention to studying the index of total boundedness for o-
bounded and strictly o-bounded groups, which were introduced by Okunev and Tkachenko,
respectively, to define classes of topological groups close to subgroups of σ -compact
groups, see [16,8].
We recall that a topological group G is ℵ0-bounded if for every neighborhood U of the
identity of G there is a countable subset F ⊂ G with F · U = G, see [7]. A topological
group G is o-bounded if for every sequence (Un)n∈ω of neighborhoods of the identity in
G there exists a sequence (Fn)n∈ω of finite subsets in G such that G=⋃n∈ω Fn ·Un.
To define strictly o-bounded groups, consider the following game, called OF (abbrevi-
ated from Open–Finite) in [16]. Let G be a topological group. Two players, I and II, choose
at every step n an open neighborhood Un of the identity in G and a finite subset Fn of G,
respectively. The player II wins if G=⋃n∈ω Fn ·Un.
A topological group G is defined to be:
• strictly o-bounded if the second player has a winning strategy in the game OF;
• OF-determined if one of the players, I or II, has a winning strategy in the game OF;
• OF-undetermined if it is not OF-determined.
It is known that a subgroup of a (strictly) o-bounded group is (strictly) o-bounded too.
Also, every σ -bounded group is strictly o-bounded, every strictly o-bounded group is o-
bounded, every o-bounded group is ℵ0-bounded, and every metrizable ℵ0-bounded group
is second countable, see [7,8,16]. According to Theorem 5.3 of [8] (Theorem of Jian He
[9, 2.7]), the product of a (strictly) o-bounded group and a σ -bounded group is (strictly)
o-bounded. In [8] Hernández has constructed an o-bounded subgroup G of Rω which is
not strictly o-bounded as well as a (non-metrizable) strictly o-bounded topological group
which is not σ -bounded. In light of these results the following question seems to be natural.
Question 1. Is every metrizable strictly o-bounded group σ -bounded?
We show that this question has a positive answer in certain models of ZFC. However, let
us start with results, true in ZFC.
Theorem 1. Every metrizable strictly o-bounded group G satisfies itb(G) ℵ1.
Theorem 2. For every second countable group G we have itb(G) ∈ {0,1,ℵ0} ∪ [b,d].
Here d = k(Nω) is the compact covering number of the space Nω of irrationals and
b is the minimal cardinality |A| of a subset A ⊂ Nω which is not contained in a σ -
compact subset of Nω. It is known that ℵ1  b d c, where c= 2ℵ0 is the cardinality of
continuum. Moreover, it is consistent to assume that any of the above inequalities is strict,
see [4]. It should be mentioned that Martin Axiom (MA) implies b= d= c, see [17].
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For an analytic group G only four values {0,1,ℵ0,d} of the index itb(G) are possible.
We recall that a topological space X is called an analytic space if it is a metrizable
continuous image of a Polish (= separable complete-metrizable) space. A space X is called
coanalytic if its complement P \X in some (equivalently, any) Polish space P ⊃X is an
analytic space. A topological group whose underlying topological space is analytic is called
an analytic group.
Theorem 3. Every analytic group G is OF-determined and satisfies itb(G) ∈ {0,1,ℵ0,d}.
Moreover, an analytic group is strictly o-bounded if and only if it is σ -bounded.
In contrast to analytic strictly o-bounded groups, analytic o-bounded groups can have
uncountable index of total boundedness. ByM21 we denote the small Borel class consisting
of differences A \ B of Polish spaces B ⊂ A. It is known that a separable metrizable
space X belongs to the class M21 if and only if X can be expressed as a countable union
X =⋃n∈ω Xn of closed complete-metrizable subsets of X. Clearly, each space X ∈M21,
being Borel, is analytic, see [10, 25.A].
Theorem 4. There exists a zero-dimensional o-bounded subgroup H ⊂Rω of Borel class
M21 with itb(H)= d.
Such a group H , being a continuous image of the Polish group Zω , cannot be a
continuous homomorphic image of a Polish group (according to [1], an o-bounded group
G is σ -bounded, provided G is a continuous homomorphic image of a second countable
Weil complete group).
As a first application of Theorem 2 we answer in negative Problem 4 posed in [9]:
Is a topological (Abelian) group G o-bounded if any second countable continuous
homomorphic image ofG is o-bounded? The answer is “yes” if the groupG is ℵ0-bounded,
see Theorem 4.1 of [8]. The following result implies that the ℵ0-boundedness of G in this
theorem is essential.
Corollary 1. If G is a topological group of size |G| < b, then every second countable
homomorphic image of G is σ -bounded. Consequently, under ℵ1 < b, there exists an
uncountable discrete Abelian group whose any second countable homomorphic image is
σ -bounded.
Next, we consider another problem posed in [9, Problem 5]: Is there an OF-undeter-
mined (metrizable) group? Theorem 3 implies that such a group, if exists, is not analytic.
In [9], Hernández et al. constructed an OF-undetermined group using Jensen’s Principle ♦
(which is stronger than CH). However, their OF-undetermined group is very far from being
metrizable.
In this paper, using Martin Axiom we construct an OF-undetermined subgroup in any
non-locally compact Polish Abelian divisible group. We remind that a group G is divisible
if for every x ∈G and n ∈N there is an element y ∈G with ny = x .
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Theorem 5. Under Martin Axiom any non-locally compact Polish Abelian divisible group
G contains a Baire o-bounded OF-undetermined subgroup H . Moreover, the group H can
be constructed so that the product H × C is OF-undetermined for any topological group
C of size |C| ℵ0.
Thus under (MA) there exist metrizable Baire OF-undetermined groups as well as
metrizable OF-undetermined groups of the first Baire category. In the light of Theorem 5 it
is interesting to remark that for any OF-determined group G and any σ -bounded group H
the product G×H is OF-determined (to show this, one should apply the result of Jian He
[9, 2.7] asserting that the productG×H of a strictly o-bounded group G and a σ -bounded
group H is strictly o-bounded). We do not know if the converse statement is true.
Question 2. Is a (metrizable) group G OF-determined if the product G × H is OF-
determined for some (metrizable countable) σ -bounded group H ?
Theorem 5 implies that under (MA) there exists a metrizable o-bounded group which
is Baire but not σ -bounded. In contrast, every metrizable Baire strictly o-bounded group
is σ -bounded. We recall that a topological space X is meager if it can be written as the
countable union of nowhere dense subsets.
Theorem 6. Every metrizable strictly o-bounded group is σ -bounded or meager.
We do not know if the metrizability is essential in this theorem.
Question 3. Is every strictly o-bounded group G σ -bounded or meager?
It is interesting to remark that the (non-metrizable) strictly o-bounded non-σ -bounded
group constructed in [8, Example 3.1] is meager.
Now let us return to Question 1. As we saw it has positive answer in the class of analytic
groups. Let us remark that Theorems 1 and 2 imply the positive answer to Question 1 under
(MA+¬CH).
Theorem 7. If ℵ1 < b, then every metrizable strictly o-bounded group is σ -bounded.
It turns out that ℵ1 < b is not a unique set-theoretic assumption implying a positive
answer to Question 1. Another assumption is (AD), Analytic Determinacy, well known in
Descriptive Set Theory, see [10,15]. According to the famous Martin Theorem [14] (see
also [15, 6G]) Analytic Determinacy follows from the existence of a measurable cardinal,
that is a cardinal m admitting a σ -additive two-valued measure defined on all subsets
of m. Unlike to small cardinal assumptions (like ℵ1 < b) the Analytic Determinacy (as
well as the existence of a measurable cardinal) belongs to so-called strong hypotheses—
assumptions which are stronger than the consistency of ZFC, see [15, 8I]. It should be
mentioned that (AD) is compatible with many small cardinal assumptions (like CH or its
negation), see [12].
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Theorem 8. Under Analytic Determinacy every metrizable strictly o-bounded group is
σ -bounded.
Therefore we have found a small cardinal assumption (ℵ1 < b) as well as a large cardinal
assumption (the existence of a measurable cardinal) guaranteeing the σ -boundedness
of any metrizable strictly o-bounded group. It is interesting to remark that both these
hypotheses (as well as AD) fail in the Gödel Constructible Universe, see [3], [13, §5],
[15]. Thus we come to the following consistent modification of Question 1.
Question 1′. Is it consistent to assume the existence of a metrizable strictly o-bounded
non-σ -bounded group? In particular, does the Gödel Constructible Universe contain such
a pathological group?
To prove our theorems we apply methods of Descriptive Set Theory and consider the
concept of the strict o-boundedness in a more general context.
Strictly o-bounded subsets in metric spaces
All spaces considered in this section are metrizable and separable, all maps are
continuous. For a subset X of a Polish space P let kP (X) be the minimal size of a cover
of X by compact subsets of P .
Proposition 1. For every subsetX of a Polish space P we have kP (X) ∈ {0,1,ℵ0}∪[b,d].
Proof. It is well known that each Polish space is a perfect image of a zero-dimensional
Polish space. Thus the space P admits a perfect surjective map f :Z→ P from a zero-
dimensional Polish space Z (the perfectness of f means that the preimage f−1(K) of any
compact subset K ⊂ P is compact). Since the spaceNω contains a closed topological copy
of each zero-dimensional Polish space [5], we may assume that Z is a closed subspace in
N
ω
. Then kP (X) k(P ) k(Z) k(Nω)= d.
Next, we show that kP (X) < b implies kP (X)  ℵ0. Observe that the perfectness of f
implies kZ(f−1(X)) kP (X) < b. Hence the set f−1(X) can be covered by a collection
K of compact subsets of Nω of size |K| < b. For every set K ∈ K find a point xK ∈ Nω
with K ⊂↓xK , where ↓x = {y ∈ Nω: y  x} for x ∈ Nω and  is the natural partial
order on Nω . By the definition of the cardinal b, the set {xK : K ∈K} can be covered by a
countable collection C of compact subsets of Nω . For every set C ∈ C fix a point yC ∈Nω
with C ⊂↓yC . Then the set f−1(X) lies in the σ -compact subset⋃C∈C ↓yC of Nω which
implies kZ(f−1(X)) ℵ0 and kP (X) kZ(f−1(X)) ℵ0. ✷
A subset X of a metric space (P, d) is called strictly o-bounded if the second player has
a winning strategy in the game OF(X) which is defined as follows: two players, I and II,
choose at every step n a positive integer kn and a finite subset Fk of P , respectively. The
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player II wins if X ⊂⋃n∈ω O(Fn,1/kn), where O(F, ε) = {x ∈ P : d(x,F ) < ε} stands
for the open ε-neighborhood of a subset F ⊂ P .
If one of the players has a winning strategy in the game OF(X), then we say that the
subset X is OF-determined.
Let us observe the following elementary properties of strictly o-bounded subsets in
metric spaces.
Proposition 2.
(1) X is strictly o-bounded in (P, d) if and only if X is strictly o-bounded in (X,d).
(2) If X is strictly o-bounded in (P, d), then every subset of X is strictly o-bounded in
(P, d).
(3) X is strictly o-bounded in (P, d) provided kP (X) ℵ0.
The following simple observation is of crucial importance in our subsequent considera-
tions.
Proposition 3. Every strictly o-bounded subset X of a separable complete metric space
(P, d) is contained in some coanalytic strictly o-bounded subset Y of P .
Proof. Denote by exp<ω(P ) the set of all finite subsets of P and by P<ω the set of
finite sequences of elements of P . For an infinite sequence (xn)n∈ω ∈ Pω and n ∈ ω let
x|n= (x0, . . . , xn−1) be the initial segment of x .
Observe that a winning strategy of the second player in the game OF(X) may be thought
as a map
s :N<ω → exp<ω(P )
such that for every infinite sequence x = (xn)n∈ω ∈Nω
X ⊂
⋃
n∈ω
O
(
s(x|n), 1
xn
)
.
By [10, 32.1], the set
Y =
⋂
x∈Nω
⋃
n∈ω
O
(
s(x|n), 1
xn
)
,
being a result of the so-called dual Souslin operation over open subsets of P , is a coanalytic
subset of P . Clearly, X ⊂ Y . Next, the map s :N<ω → exp<ω(P ) defines also a winning
strategy for the second player in the game OF(Y ), which proves the strict o-boundedness
of Y in P . ✷
Proposition 4. If a subset X of a separable complete metric space P contains a closed
in P nowhere locally compact subset, then X is not strictly o-bounded; moreover, the first
player has a winning strategy in the game OF(X).
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Proof. It suffices to consider the case when the set X is nowhere locally compact and
closed in P . Let O(x, ε)= {y ∈ X: d(y, x) ε} denote the closed ε-ball around a point
x ∈ X. Since the space (X,d) is not compact, there exists n0 ∈ N such that the space X
admits no finite 2
n0
-net.
Let n0 be the first move of the player I in the game OF. Suppose the second player
has chosen a finite subset F0. By the choice of n0, there is a point x0 ∈ X such that
d(x0, y)  2n0 for every y ∈ F0. Next, since the set X is complete and nowhere locally
compact, there exists an n1 > 2n0 such that the 12n0 -ball O(x0,
1
2n0 ) ∩X admits no finite
2
n1
-net. Then the number n1 will be the next move of the first player. After selecting a finite
subset F1 ⊂ P by the second player, the first player can find a point x1 ∈O(x0, 12n0 ) ∩X
such that d(x1, y) 2n1 for all y ∈ F1. Since X is complete and nowhere locally compact,
there exists a number n2 > 2n1 such that the ball O(x1, 12n1 ) ∩X admits no finite 2n2 -net.
The number n2 is the next move of the first player.
Continuing in this way, the players shall construct sequences of numbers (nk), of point
(xk) of P , and of finite subsets (Fk) in P , such that
nk > 2nn−1, xk ∈O
(
xn−1,
1
2nk−1
)
∩X and
d(xn, y)
2
nk
for all y ∈ Fk.
It follows that for every k < m
d(xk, xm)
1
2
m−1∑
i=k
1
ni
<
1
2
m−1∑
i=k
1
nk2i−k
<
1
nk
.
Since limk→∞ 1/nk = 0, this implies that the sequence (xk) is Cauchy and thus has a limit
x∞ = limk→∞ xk in the complete setX. Passing to limit in the above estimate, we conclude
that d(xk, x∞) 1/nk for every k ∈N. Consequently, for every k  0 and y ∈ Fk we get
d(y, x∞) d(y, xk)− d(xk, x∞) 2
xk
− 1
nk
= 1
nk
,
i.e., x∞ /∈⋃k∈ω O(Fk,1/nk) and hence the first player wins. ✷
In the subsequent proofs we shall use the following three deep results of Descriptive Set
Theory, see, [10, Theorems 21.23, 36.18, and 32.3].
Theorem A (Kechris, Saint Raymond). Every analytic subspace X of a Polish space P
either contains a closed in P topological copy of Nω or else is contained in a σ -compact
subset A of P .
Theorem B (Kechris). Every coanalytic subspace X of a Polish space P either contains
a closed in P topological copy of Nω or else satisfies kP (X) ℵ1.
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Theorem C (Kechris). Under Analytic Determinacy every coanalytic subspace X of a
Polish space P either contains a closed in P topological copy of Nω or else is contained
in a σ -compact subset A of P .
As we said, a subsetX of a complete metric space P is strictly o-bounded if kP (X) ℵ0.
If the space X is analytic, the converse is also true.
Proposition 5. Every analytic subspace X of a separable complete metric space P is OF-
determined and has kP (X) ∈ {0,1,ℵ0,d}. Moreover, X is strictly o-bounded if and only if
it is σ -bounded.
Proof. According to Theorem A, either kP (X)  ℵ0 or else X contains a closed in P
topological copy C of Nω. In the first case kP (X) ∈ {0,1,ℵ0} and the set X is strictly
o-bounded, i.e., the second player has a winning strategy in the game OF(X).
In the second case, according to Proposition 4, the first player has a winning strategy
in the game OF(X) and kP (X)  kP (C) = k(Nω)  d, which in combination with
Proposition 1 just yields kP (X)= d. ✷
Proposition 6. Every strictly o-bounded subset X of a separable complete metric space
P satisfies kP (X) ℵ1.
Proof. By Proposition 3, the strictly o-bounded subset X ⊂ P lies in a coanalytic strictly
o-bounded subset Y of P . It follows from Proposition 4 that the set Y contains no closed in
P nowhere locally compact subset. Then Kechris’ Theorem B implies kP (Y ) ℵ1 which
just yields kP (X) kP (Y ) ℵ1. ✷
Applying Theorem C in place of Theorem B in the above proof we get
Proposition 7. Under Analytic Determinacy, every strictly o-bounded subset X of a
separable complete metric space P lies in a σ -compact subset of P .
Proposition 8. Every strictly o-bounded subset X of a separable complete metric space
P lies in the union of a σ -compact and a meager subsets of P .
Proof. According to Proposition 3 it suffices to consider the case of coanalytic strictly
o-bounded set X ⊂ P . Since coanalytic subspaces of Polish spaces have Baire property
[10, 29.5], there is an open set U ⊂ P such that the symmetric difference U#X =
(U \X) ∪ (X \U) is meager and thus lies in a meager Fσ -subset F of P . By Theorem A,
the Borel subset U \ F either contains a closed in P copy C of Nω or else lies in a σ -
compact subset A of P . Since C ⊂ U \ F ⊂ X, the first case is impossible according to
Proposition 4. Therefore, the set X lies in the union A∪F of a σ -compact subset A and a
meager subset F of P . ✷
Finally let us prove the following statement connecting the concepts of strict o-bounded-
ness and of the index of total boundedness for topological groups and metric spaces. Below
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under an admissible metric on a topological space X we understand a metric generating
the topology of X.
Proposition 9. Let G be a metrizable topological group and d be a left-invariant
admissible metric on G.
(1) The topological group G is strictly o-bounded if and only if the set G is strictly
o-bounded in the metric space (G,d).
(2) itb(G)= kG(G), where G is the completion of the metric space (G,d).
Proof. In fact, the first statement as well as the inequality itb(G) kG(G) are trivial. To
verify the inequality itb(G) kG(G) we need
Lemma. For any totally bounded subsets A, B of the metric space (G,d) the intersection
A∩B−1 is a totally bounded set in the group G.
Proof. Fix any neighborhood U of the identity e in the group G. Fix ε > 0 such that
O(e, ε)⊂ U ∩ U−1. Using the total boundedness of the sets A and B in (G,d) we may
find finite subsets F1,F2 ∈G such that A⊂O(F1, ε) and B ⊂O(F2, ε). It can be easily
verified that F = F1 ∪F−12 is a finite subset of G with A∩B−1 ⊂ (F ·U)∩ (U ·F). Thus
the set A∩B−1 is totally bounded in G.
Now we are able to prove that itb(G) kG(G). If the cardinal τ = kG(G) is finite, then
the set G is totally bounded in (G,d) and by Lemma, the group G =G ∩G−1 is totally
bounded, i.e., 1 = itb(G) τ .
Next, we consider the case when the cardinal τ is infinite. Write G=⋃α∈τ Kα , where
the sets Kα , α ∈ τ , are totally bounded in the metric space (G,d). By Lemma, for any
α,β ∈ τ the intersection Kα ∩K−1β is a totally bounded bounded subset of the group G.
Since G=⋃α,β∈τ Kα ∩K−1β , we get itb(G) τ × τ = τ = kG(G). ✷
Proofs of Theorems 1–3, 6, and 8. Theorems 1–3, 6, 8 follow immediately from
Proposition 8 and Propositions 6, 1, 5, 8, 7, respectively.
Proof of Theorem 4. First we find an example of an analytic o-bounded subgroupG ofRω
which is not strictly o-bounded. In fact, we shall verify that the example of an o-bounded
not strictly o-bounded group constructed by Hernández in [8] satisfies our requirements.
We remind briefly its construction.
For every x ∈ Rω let supp(x) = {n ∈ ω: x(n) = 0}. Let Rωf = {x ∈ Rω: | supp(x)| <
ℵ0}. For every x ∈ Rω \ Rωf enumerate supp(x) in the increasing order, say supp(x) =
{nk(x): k ∈ ω}. Consider the set X of all points x ∈Rω \Rωf such that
lim
k→∞
x(nk(x))
nk+1(x)
= 0
and define G as the smallest subgroup of Rω containing X. In [8, Example 6.1] it is proven
that G is an o-bounded but not strictly o-bounded group.
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It rests to verify that G is an analytic group. Since the set X is centrally symmetric,
i.e., X =−X, G is a continuous image of the discrete sum ⊕n∈ω Xn of all finite powers
of the space X. Then the analycity of G will follow as soon as we prove that the
space X is analytic. To show this, consider the closed subset F ⊂ ωω consisting of all
increasing functions f :ω→ ω and let R =0 = R \ {0}. For every (x, f ) ∈ Rω=0 × F let
y = h(x,f ) ∈Rω be the sequence determined by
y(n)=
{
x(k), if n= f (k) for some k ∈ ω,
0, otherwise.
It is easy to see that the so-defined map h :Rω=0 × F → Rω is continuous and its image
covers the set X. Moreover,
h−1(X) =
{
(x, f ) ∈Rω=0 ×F : limn→∞
x(n)
f (n+ 1) = 0
}
=
{
(x, f ) ∈Rω=0 ×F : ∀m ∈ ω ∃n0 ∈ ω ∀n n0 |xn|
1
m
f (n+ 1)
}
=
⋂
m∈ω
⋃
n0∈ω
⋂
nn0
A(m,n),
where A(m,n)= {(x, f ) ∈ Rω=0 ×F : |xn| 1mf (n+ 1)} is a closed subset of Rω=0 × F .
Consequently, h−1(X) is an Fσδ-set in Rω=0 × F and X = h(h−1(X)), being a continuous
image of an absolute Borel space, it an analytic space, see [10, 25.A].
Thus G is an analytic o-bounded group which is not strictly o-bounded. By Theorem A,
G contains a closed in Rω topological copy P ⊂G of Nω .
Let K ⊂ Rω be a linearly independent copy of the Cantor cube {0,1}ω in Rω (it exists
according to Proposition 2.2 [2, VIII.§2]) and let e :P → K be a topological embedding
of P into K . Consider the subset Y = {(x, e(x)): x ∈ P } in G × Rω and let H be the
smallest subgroup of G×Rω containing the set Y . We claim that H is a zero-dimensional
o-bounded subgroup of Rω ×Rω of Borel class M21 with itb(H)= d.
To see that H is o-bounded, observe that H ⊂ G × 〈K〉, where 〈K〉 is the smallest
subgroup of Rω containing K . Clearly 〈K〉 is σ -compact and consequently the product
G × 〈K〉 as well as its subgroup H are o-bounded according to Theorems 5.3 and 2.1
of [8]. Next, since H contains a closed in Rω × Rω topological copy Y of Nω , we may
apply Proposition 4 to conclude that the group H is not strictly o-bounded.
Finally, using the compactness and linear independence of K one may verify that
H = {0} ∪⋃n,m,k∈ω Hn,m,k , where for every n,m,k ∈ ω
Hn,m,k =
{
n∑
i=0
εixi : εi ∈ Z,0 < |εi|m, xi ∈ Y,
and d(xi, xj )
1
k
for any 0 i < j  n
}
is a closed zero-dimensional complete-metrizable subset of H (here d is any admissible
metric on Rω). Consequently, H belongs to the class M21 and is zero-dimensional, see [6,
7.2.1]. By Theorem 3, itb(H)= d. ✷
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Proof of Theorem 5. Assume Martin Axiom. In the sequel we identify cardinals with the
smallest ordinals of the corresponding size.
Let G be a non-locally compact Polish Abelian divisible group. Fix a countable dense
subgroup H0 ⊂G and a countable base B of symmetric neighborhoods of the origin in G.
Let {Kα: α < c} be a well ordering of the collection of meager Fσ -subsets of G.
Let N denote the set of positive integers endowed with the discrete topology. We
consider the product G × N as a G-space with the natural action of the group G:
(g,n) + h = (g + h,n) for (g,n) ∈ G× N and h ∈ G. Thus we may say about the sum
A+B = {a + b: a ∈A, b ∈B} of two subsets A⊂G×N and B ⊂G.
We recall that exp<ω(X) stands for the family of all finite subsets of a set X and
X<ω = ⋃n∈ω Xn is the set of all finite sequences of elements of the set X. Clearly,
the sets exp<ω(H0 × N) and (exp<ω(H0 × N))<ω are countable. Thus the set F of all
functions from (exp<ω(H0 × N))<ω into B has cardinality of continuum and can be
written as F = {fα : α < c}. For a function s :ω → X by s|n we denote the sequence
(s(0), . . . , s(n− 1)), n ∈ ω.
By transfinite induction we shall construct an increasing transfinite sequence {Hα: α <
c} of subgroups of G and a transfinite sequence {sα :ω → exp<ω(H0 × N): α < c} of
functions such that for every ordinal 0 < α < c the following conditions are satisfied:
(1) Hα = Z · x +H<α for some x ∈G \H<α , where H<α =⋃β<α Hβ ;
(2) Hα ∩Kβ ⊂Hβ for every β  α;
(3) Hα ×N⊂⋃n∈ω sβ(n)+ fβ(sβ |n) for every ordinal β  α.
Let {xn: n ∈ ω} be an enumeration of the countable set H0 × N and let s0(n) = {xn}.
Clearly the condition (3) is satisfied for α = 0. Assume that for some ordinal α < c
subgroups Hα , β < α, and functions sβ , β < α, satisfying the conditions (1)–(3) have
been constructed. Note that for every ordinal β < α the set
Wβ =
⋃
n∈ω
sβ(n)+ fβ(sβ |n)
is open in G×N and contains the subset H<α ×N. Then for every (h, k) ∈H<α ×N and
n ∈ Z the set Mβ(h, k,n) = {x ∈ G: (h, k) + nx /∈ Wβ} is closed and nowhere dense in
G. Next, for β < α, h ∈H<α , and a non-zero integer n consider the set Kβ(h,n)= {x ∈
G: h+ nx ∈Kβ}. Clearly, Kβ(h,n) is the preimage of the set Kβ under the “linear” map
nx + h :G→G. Since the group G is divisible and Polish, this map, being surjective, is
open according to Open Mapping Principle for Polish groups, see [11, IV.R]. Then the set
Kβ(h,n), being a preimage of a meager set Kβ under an open map, is meager in G.
It follows from Martin Axiom that the union
M =
⋃{
Hβ ∪Mβ(h, k,n)∪Kβ(h,n): β < α, h ∈H<α, k ∈N, n ∈ Z \ {0}
}
of < c meager subsets does not cover G. Consequently, there is a point x ∈G \M .
Let Hα = Z · x +H<α . It follows from the choice of the point x that the subgroup Hα
satisfies the conditions (1) and (2).
Next, we construct a function sα . Martin Axiom implies the equality b = c, see [17].
Since |Hα| < c = b, we may apply Proposition 1 to conclude that Hα lies in some σ -
compact subset K of G. Using the density of the set H0 is G, it is easy to construct a
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function sα :ω→ exp<ω(H0 ×N) such that Hα ×N⊂K ×N⊂
⋃
n∈ω sα(n)+ fα(sα|n).
Thus the condition (3) is satisfied too, which completes the inductive construction.
We claim that the group H =⋃α<ω1 Hα is Baire and o-bounded. Since H is Lindelöf
and topologically homogeneous, to show that the space H is Baire it suffices to verify that
H is not meager. Assuming the converse, we would find an ordinal α < c with H ⊂Kα ,
which contradicts to (2).
Next, we show that the group H is o-bounded. Let (Un)n∈ω be a sequence of open
neighborhoods of the identity of H . For every n ∈ ω find an open set Vn ⊂ G with
Vn ∩H = Un. Let H0 = {xn: n ∈ ω} be an enumeration of the countable dense subgroup
H0 in G. Observe that the set V =⋃n∈ω xn + V2n is open and dense in G. Consequently,
its complementG \V , being closed and nowhere dense in G, coincides with the set Kα for
some α < c. By (2), H ∩Kα ⊂Hα and thus |H ∩Kα|< c = b. By Proposition 1, the set
H ∩Kα lies in a σ -compact subset A of G. Using the density of the subgroupH0 in G, find
a sequence {F2n+1}n∈ω ⊂H0 of finite subsets in H0 such that A⊂⋃n∈ω F2n+1 + V2n+1.
Letting F2n = {xn} for n ∈ ω we get H ⊂ (V ∪ A) ∩ H ⊂ H ∩ (⋃n∈ω Fn + Vn) =⋃
n∈ω Fn +Un. Hence the group H is o-bounded.
Finally we show that for every topological group C with |C| ℵ0 the product H × C
is OF-undetermined. We shall identify the group G with the subgroup G× {0} of G×C.
Since the group H is Baire, H is not strictly o-bounded according to Theorem 6. Then the
product G× C is not strictly o-bounded either. This means that the second player has no
winning strategy in the game OF.
Next, assume that first player has a winning strategy in the game OF on the groupH×C.
This strategy can be thought as a function f : exp<ω(H ×C)<ω → τ (0), where τ (0) is the
set of all neighborhoods of the origin in H ×C, such that
(4) H ×C ⊂⋃n∈ω s(n)+ f (s|n) for every function s :ω→ exp<ω(H ×C).
Let g : τ (0) → B be a function such that g(U) ⊂ U for every U ∈ τ (0). Identify
C with a subset of N and let r :N → C be any retraction. In an obvious way, this
retraction induces retractions r¯ :G× N→G× C, r̂ : exp<ω(H × N)→ exp<ω(H × C),
and r˜ : exp<ω(H ×N)<ω → exp<ω(H ×C)<ω .
Observe that the restriction of the composition g ◦ f ◦ r˜ onto the set exp<ω(H0 ×N)<ω
belongs to the family F and thus coincides with the function fα for some ordinal α < c.
Let s = r̂ ◦ sα . It follows from (3) that
H ×C = r¯(H ×N)=
⋃
n∈ω
r̂
(
sα(n)
)+ fα(sα|n)
=
⋃
n∈ω
s(n)+ g ◦ f ◦ r˜(sα|n)⊂
⋃
n∈ω
s(n)+ f (s|n),
a contradiction with (4). Therefore the group H ×C is OF-undetermined. ✷
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